The conductance is calculated for a point contact junction between a normal metal and a two-band superconductor with a supercurrent applied parallel to the junction interface. Predictions are made for the case of MgB 2 , which would allow for the determination of the two energy scales and interband coupling. In addition, the generic features of two-band superconductivity in this configuration are studied and contrasted with the one-band case. It is found that two peaks are possible in the zero bias conductance as a function of superfluid momentum q s for the case of two-band superconductivity, whereas only one could occur in the one-band case. We analyze the case of highly decoupled bands to examine further the potential signatures of interband coupling.
I. INTRODUCTION
A resurgence of interest in two-band superconductivity has occurred with the discovery of superconductivity in MgB 2 . 1 Moreover, possible multiband superconductivity has recently been proposed for a diverse number of materials such as V 3 among others. Historically, the theory of two-band superconductivity was first presented by Suhl et al. 10 and Moskalenko 11 shortly after the advent of BCS theory. Further developments followed as some of the consequences of the theory were calculated 12 and experiments were interpreted suggesting possible two-band superconductivity in some conventional materials such as Nb. 13 None of these was confirmed in a substantial way at the time. The first possible evidence of two-band superconductivity came from tunneling experiments on Nb-doped SrTiO 3 by Binnig et al.; 14 however, further experimental verification is missing and the evidence presented in that paper for the temperature dependence of the gaps is not rigorously supported by the expectation for two-band s-wave superconductors. 10, 15 Consequently, the discovery of all the hallmarks of two-band superconductivity in experiments on MgB 2 , in excellent agreement with theoretical predictions from two-band s-wave Eliashberg theory with parameters determined from band structure calculations, has given rise to an enormous literature within only a few years. Indeed, experimental and theoretical work on this material points to it being a classic example of two-band superconductivity, making it the textbook example by which all others should be compared.
Given that the theory has been so successful in describing the two-band nature of MgB 2 , it encourages further investigations that would allow for the exploration of physics previously unattainable in one-band materials. Such examples would be the understanding of interband coupling effects due to the electron-phonon interaction or impurity scattering or of interference effects between the bands. Indeed, in this work, we propose an experiment for examining issues associated with interband coupling in two-band superconductors, which would be determined through point contact spectroscopy.
One of the most useful tools for determining order parameter symmetry as well as characterizing the surface properties of materials for the purpose of applications has been point contact spectroscopy ͑PCS͒. 16 In this technique, a point contact junction ͑PCJ͒ is made by pushing a normal metal tip into the surface of a superconductor. Such PCJs have given clear distinctive evidence for two gaps in MgB 2 , [17] [18] [19] which, in turn, have exhibited both the proper magnitude and temperature dependence in accord with two-band Eliashberg theory with no free parameters. 15 This is seen in the tunneling limit of the contact. However, PCJs provide a much greater wealth of information beyond the magnitude of the energy gap. Indeed, if the contact is not in the tunneling limit with an insulating barrier in between, but is more toward the metal-metal contact limit, then Andreev reflection processes 20 can occur and these have been shown to provide a very sensitive probe of a sign change in the order parameter, which gives rise to an Andreev bound state at zero energy. [21] [22] [23] This has been one of the experiments used to determined the presence of a d-wave order parameter symmetry in the high T c cuprates. 24 Thus, PCS can be a very versatile technique in providing a range of information about gap symmetry in addition to exhibiting a proven ability to provide quantitatively accurate measurements in comparison with theory. As a result, theoretical predictions have been provided for superconductor-normal-metal ͑SN͒ junctions with regard to the expected signatures associated with the Fulde-Ferrell-Larkin-Ovchinnikov state, 25, 26 fluctuations, 27 supercurrents in one-band s-wave and d-wave superconductors, 28 and Rashba spin-orbit coupling, 29 as some examples.
Here, we wish to investigate further SN PCJs associated with two-band s-wave superconductivity, with materials such as MgB 2 in mind. Indeed, we propose the application of a transverse supercurrent as a technique for resolving information about interband coupling in such materials. The experimental realization of SN point contact measurements with a supercurrent has been presented for the case of YBa 2 Cu 3 O 7−5 , 27 which is a d-wave superconductor, and so we are encouraged that a similar experiment can be mounted with a material such as MgB 2 . We consider the case of a two-band superconductor with a supercurrent, where the current is capable of suppressing superconductivity in the band with the small gap and allowing access to an intermediate state which contains information about the amount of coupling between the bands. We begin our presentation by summarizing the theoretical background for the problem in terms of the Bogoliubov-de Gennes equations and then apply the Blonder-TinkhamKlapwijk ͑BTK͒ approximation. [30] [31] [32] In this regard, we discuss issues unique to two bands in the presence of an applied current. The usefulness of the BTK approach is that it is able to capture the range of junction behavior, from tunneling to metal contact, and the simplicity of the final form with attendant fitting parameters is universally popular with the experimental community. The disadvantages of this approach are that there are barrier parameters which are not well characterized and must be fitted via experiment. Note that we will assume throughout the paper that the contact is in the Sharvin limit ensuring the applicability of the BTK approximation.
II. THEORETICAL BACKGROUND
To describe the inhomogeneous problem of a junction between a normal metal and a superconductor, a microscopic approach using the Bogoliubov-de Gennes equations is employed. These equations can be written as
where
Here, is the chemical potential, m is the effective mass of the particle on either side ͑m = m S , x Ͼ 0 and m = m N , x Ͻ 0͒, and we will take ប = 1. In the case of a junction between a normal metal ͑N͒ which is taken to occupy x Ͻ 0 and a superconductor ͑SC͒ for x Ͼ 0, it is standard in the BTK approximation 30, 31 to take the order parameter ⌬͑r͒ = ⌬ 0 ⌰͑x͒. This neglects the proximity effect in which Cooper pairs "leak" from the SC to the N side causing, in the region about x = 0, a suppression of ⌬ on the SC side and a finite ⌬ on the N side. BTK also approximates the potential U͑r͒ = H␦͑x͒, where H represents the strength of the barrier ͑H → 0 for metal contact and H → ϱ for insulating͒. Thus, the solution to Eq. ͑1͒ simplifies to a one-dimensional quantum mechanical barrier problem, where, for x Ͻ 0 ͑N͒, ͑x͒ is a plane wave state containing incident and reflected components and, for x Ͼ 0 ͑SC͒, ͑x͒ is written in terms of electron-and holelike quasiparticle amplitudes, u and v, respectively. All the wave functions are modeled by plane waves and, in addition, the momenta are approximated by the momentum at the Fermi level ͑k F ͒, which can be different on the two sides. By making these approximations, BTK neglects the terms that contribute to the normalized conductance with accuracy ⌬ / E F , where E F is the Fermi energy on the superconducting side.
In this paper, we work with the BTK equations for s-wave superconductivity, written in the presence of a supercurrent which is parallel to the superconductor-normal-metal boundary as shown in Fig. 1 . We calculate the conductance for each band separately; however, the two-band nature enters through the coupling of the order parameters of each band, which are also a function of a supercurrent momentum. A brief summary of this approach follows below.
We begin by summarizing the result for the one-band case with an applied current. If a supercurrent with momentum q s is induced on the superconducting side of the junction, then the Hamiltonian of Eq. ͑1͒ will be modified for the superconducting side to have, what is called, a Doppler shift of បq s k F / m S added to the kinetic energy term and the order parameter becomes q s dependent, i.e., ⌬ → ⌬͑q s ͒. With the contact between the normal metal and the superconductor chosen to be in the y-z plane at x = 0, we choose q s to be in the y direction ͑see Fig. 1͒ . The direction of the applied supercurrent breaks the symmetry of the tunneling problem with respect to rotations around perpendicular incidence. If the propagation angle of the incoming particle is N , measured on the N side from the direction orthogonal to the interface, then the angle of propagation on the SC side is determined by conservation of the parallel momentum, given as k N sin N = k S sin S , where we neglect the effect of q s in this case as q s Ӷ k F . For simplicity, we shall assume that k S Ϸ k N Ϸ k F and, therefore, N = S = . If we consider only two dimensions, the angle between the particle momentum k S on the SC side and the condensate momentum q s is simply = /2−. The situation is slightly more complicated in the three-dimensional case. We have to define an additional angle between the projection of the incident momentum k N in the yz plane and the y direction. Then, cos = sin cos . In this paper, the calculations will be done in two dimensions, close to zero temperature and in the clean limit, in order to bring out the structures in the solutions. The effects of finite temperature, impurity scattering, and three dimensionality would be to broaden the features discussed in our work.
With the geometry shown in Fig. 1 , the wave functions on the normal metal side and the superconducting sides can be written as FIG. 1. ͑Color online͒ Schematic diagram indicating the geometry of the junction. On the normal metal side, an electron ͑solid red line͒ is incident on the boundary at an angle and is either specularly reflected as an electron ͑B͒ or Andreev reflected as a hole ͑A, dashed blue line͒ with an electron ͑C͒ and a hole ͑D͒ transmitted as quasiparticles on the superconducting side. On the superconducting side, the quasiparticles move in the presence of an applied supercurrent of momentum q s , which is parallel to the interface.
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where we have factored out the y and z dependences and absorbed any overall phase into the amplitude coefficients.
Here,
The coefficient A is the amplitude for Andreev reflection, B is for specular reflection, and D and C are for transmission with and without branch crossing, respectively. Since we work in the BTK limit, all contributions to the conductance of order ⌬ / E F are neglected, including the change of the momentum of the Andreev reflected quasiparticle due to the SC condensate momentum ͑which is of the order of q s Ϸ ⌬ / v F Ӷ k F ͒. Thus, as already indicated, the momentum on either side of the junction is fixed to the Fermi momentum, and motion of the condensate enters only through the definition of electron and hole amplitudes u and v as
where the plus sign designates propagation of the particle along the initial incident angle ͑measured from perpendicular incidence͒ and the minus sign takes into account that the direction of propagation of the transmitted holelike particle corresponds to the angle −. Here, = v F q s sin͑͒. We take ⌬͑q s ͒ from a self-consistent calculation of the BCS gap equation with an applied supercurrent. ͑Self-consistency of the spatial solution is neglected as it only gives changes of order of ⌬ / E F . 34 ͒ For zero temperature and simple one-band BCS theory, this is given as 35 lnͩ
where ⌬ ϵ ⌬͑q s ͒ and ⌬ 0 ϵ ⌬͑q s =0͒. The form of ⌬ / ⌬ 0 versus q s v F / ⌬ 0 is shown in the upper frame of Fig. 2 . Note that this result is modified for the two-band case as will be discussed further on. The BTK quantum mechanical boundary conditions are then applied to match the wave functions given in Eq. ͑2b͒:
Also, we define the ratio of Fermi velocities on the two sides as r = v F S / v F N and Z = H / បv F N , which measures the delta function barrier strength. In the instance where the barrier strength is renormalized to account for the difference in Fermi velocities, as in Ref. 31 , it can be shown that the mismatch of Fermi velocities r and barrier potential H combine into single fitting parameter:
thus making it a one-parameter theory. This model is strictly one dimensional in nature, i.e., contributions to the overall conductance are calculated separately for each incident angle and summed to obtain the final solution. Finally, we find that the amplitudes of Andreev ͑A͒ and specular ͑B͒ reflections are 
B͑E,͒
and we find the superconducting state conductance for a single trajectory for one band as G S = ͑1+͉A͉ 2 − ͉B͉ 2 ͒ and that for the normal state as G N = ͑1−͉B͑E = +ϱ͉͒ 2 ͒. G S has kinks related to the specific Doppler shift energy . As measured quantities are averaged over all incident angles, we perform an angle average, neglecting the complications due to the details of the Fermi surface ͑discussed in, for example, Ref. Fig. 3 , we reproduce results for a point contact junction between a normal metal and a one-band s-wave superconductor in two dimensions with an applied supercurrent with
The results are essentially for zero temperature and are in agreement with similar work of Zhang et al. 28 shown for higher temperature. For the q s = 0 limit ͑solid black curves͒, the standard BTK curves are reproduced for the various barrier parameters chosen. With the application of a supercurrent, the curves are modified, and in the case of finite Z, the peaks in the conductance split into two due to the averaged effect of the Doppler shift. Similar results, using a different formalism, have been obtained by Shevchenko. 36 To generalize the above one-band approach to the twoband scenario, we take the q s to be the same in each band and solve for the conductance of each band separately as above; however, for ⌬͑q s ͒, we no longer use the one-band result of Eq. ͑4͒. For a two-band superconductor, the equations for the superconducting order parameter in each band ͓ ⌬ 1 ϵ ⌬ 1 ͑q s ͒ and ⌬ 2 ϵ ⌬ 2 ͑q s ͔͒ are coupled and the resulting equation for the two gaps needs to be solved numerically. These equations are based on strong coupling Eliashberg theory and have been reduced in an approximation to a renormalized BCS theory, where they are found to reproduce very well the results of the full theory. 15, 37 We do not reproduce the details here but rather indicate the input parameters and give the final form of the equations which must be solved in order to obtain ⌬ 1 and ⌬ 2 as a function of q s . If ⌬ 1 is taken to be the larger gap and ⌬ 2 is the smaller one, then the input parameters are 11 ͑ 22 ͒ for the electron-phonon mass renormalization in the large ͑small͒ gap band representing intraband processes, 12 15 At zero temperature, the renormalized two-band BCS gap equations have been evaluated and take the form 37
, and
and s i = q s v Fi * = q s v Fi / W i and D is a cutoff on the pairing interaction. After solving for the two order parameters for a particular value of q s the conductance in each band is calculated as in the one-band conductance and these are combined into an overall conductance by introduction of an adjustable parameter, the relative weight ␣ ͑0 ഛ ␣ ഛ 1͒, as
In the lower frame of Fig. 2 , we show the solution of Eqs. ͑9͒ and ͑10͒ for the case of MgB 2 , where the parameters are 15 larly, the value of the larger gap is decreased at much smaller values of q s than in a one-band case. The effect increases with increasing interband coupling, as shown in Fig. 2 , where we also give for comparison a highly decoupled case ͑blue dotted curves͒. For this latter case, we have used 11 = 1.0, 22 = 0.47, and 12 = 21 = 0.01, with v F2 / v F1 = 1.2 and ij * = 0. These parameters were chosen to produce a relative ratio of the two gaps to match that of MgB 2 , and, for easier comparison with MgB 2 , we have rescaled the x axis so that the curves go to zero at the same point as for MgB 2 .
A very interesting situation arises in MgB 2 . Because of the geometry of Fermi surfaces of this compound, the PCJ conductance is dominated by a band, the one with the smaller gap, corresponding to values of ␣ between ␣ = 0.25 for tunneling into the ab plane and ␣ = 0.02 for a junction along the c axis. 17 In this case, transport would be dominated by the smaller gap band even at values of q s that would destroy SC in a one-band situation. This would enable us to probe the parameter region which is viewed to be experimentally inaccessible in bulk one-band materials. We note in passing that the region beyond q s Ͼ⌬/ v F is considered theoretically to be unstable in one-band superconductors; 38 however, several experiments found that the region beyond this q s value was accessible and the result of probing this region was in agreement with the prediction for the evolution of the supercurrent j s as a function of q s . [39] [40] [41] While there was debate over this issue in the literature, it was established that the experimental setup probably stabilized the state from the effect of fluctuations. 40 We would expect this to be the case in two-band superconductors as well, and the situation should be more favorable as coupling to the second band further reduces the region of possible instability. 37 It should be noted that it has been proposed theoretically that phase textures may be induced in two-gap superconductors; 42 however, we ignore this possibility here based on the above arguments. We now continue presenting results for the conductance of two-band superconductors with an applied q s .
III. RESULTS FOR TWO-BAND CONDUCTANCE
In this section, we illustrate the characteristic results for the conductance of two-band superconductors, comparing the case of MgB 2 ͑representing high interband coupling͒ with a case of highly decoupled bands ͑HDB͒ for the order parameters shown in the lower frame of Fig. 2 .
In Fig. 4 , we show results for the MgB 2 case ͑solid red curves͒ and the HDB case ͑dotted blue curves͒. The frames on the left side show this comparison in the Andreev limit for Z 1 = Z 2 = Z = 0 and q s / v F1 * ⌬ 10 = 0 , 0.5, 1.0 from the top to the bottom frame, while the right hand side displays curves for the same parameters but with Z = 0.5, which corresponds to being more toward the tunneling limit of the contact. We have taken the relative weighting to be ␣ = 0.25 for illustration, and the Z's have been taken to be the same for both bands for simplicity. In the limit of q s = 0, the Z = 0 case gives simply a sum of the two one-band cases and one sees two energy scales referring to the small gap ⌬ 2 and the large gap ⌬ 1 . Note, however, that in the Z = 0 case, the conductance is not constant at a value of 2 throughout low energy region of the curve but rather shows upward curvature, which is a result of the mismatch of the Fermi velocities v F N and v F2 . As q s = 0, there is no difference between the gaps of the MgB 2 and the HDB case, and so the curves sit on top of each other as is illustrated also for the Z = 0.5, q s = 0 case where one sees the more typical singularities at ⌬ 1 and ⌬ 2 associated with regular tunneling. Moving to finite q s , we now look at the case of q s / v F1 * ⌬ 10 = 0.5 in the middle pair of frames. In this region, we have passed the q s which would have driven the lower band gap to zero, had it been a one-band superconductor. However, due to the coupling with the second band, the ⌬ 2 is still finite although highly suppressed in the HDB case relative to the case of MgB 2 . Note, however, that the larger gap in MgB 2 is showing more suppression over that of the HDB case. In the conductance curves, we see a clear difference between MgB 2 and the HDB case, especially in the low energy region. In the Z = 0 case, the peak and inner shoulder features are a result of the Doppler shift due to finite q s , and with the HDB case, not only is the ⌬ 2 energy scale shifted, but the overall conductance in the low energy region is reduced. Furthermore, compared to the one-band case for similar Z and q s , the structure of the curves are quite different from the red dotted curve from the upper frame of Fig. 3 . An image of that curve is still seen, but there is substantial modification with an upward curvature at low energies, in particular. The case for Z = 0.5 ͑middle right frame͒ is unlike the curves shown in Fig. 3 ͑lower frame͒, and while the decoupled case may be seen to be similar to the dotted red curve of Fig. 3 , the MgB 2 case has a hump at zero bias rather than the dip shown in the HDB case. Finally, in the lower frames of Fig. 4 , we show the case for q s / v F1 * ⌬ 10 = 1.0, where once again the HDB case retains its overall FIG. 4 . ͑Color online͒ Normalized conductance as a function of E / ⌬ 10 for Z =0 ͑three left hand frames͒, and Z = 0.5 ͑three right hand frames͒ for v F1 * q s / ⌬ 10 =0 ͑upper frames͒, 0.5 ͑middle frames͒, and 1.0 ͑bottom frames͒. Each pair of curves corresponds to MgB 2 ͑red solid curve͒ and highly decoupled bands ͑blue dotted curve͒. depression relative to the MgB 2 but now the curves for Z = 0.5 both have a peak at E = 0 and the MgB 2 curve is particularly uncharacteristic of previously shown curves. The net effect here is a combination of two features. One is the access to q s values greater than the one-band critical value for the lower gap band and the behavior of the conductance is seen to be different in this region from that of low q s . The other is due to the Doppler shift which produces additional structures in these curves, which merge with varying q s . This is more clearly seen in Fig. 5 .
In Fig. 5 , we plot the conductance for fixed Z = 0.25 but vary q s / v F1 * ⌬ 10 in steps of 0.1 ͑the curves are shown with a successive offset by 0.5 for clarity of presentation͒. 43 Once again, MgB 2 is shown as the solid red curve and the HDB band case is the dotted blue one. Starting with q s = 0 for the top curve, one sees two sets of tunneling peaks corresponding to ⌬ 1 and ⌬ 2 . As q s becomes finite, the two peaks split into two in the characteristic manner of the average Doppler shift, producing two edges connected by a curve with downward slope with increasing ͉E͉. These shoulders or edges due to the Doppler shift are separated further with increasing q s , and the inner-moving ones of the ⌬ 1 band overlap with the outer-moving ones of the ⌬ 2 band. Whenever two such edges overlap, a peak is found in the conductance and so we see here, over the full range of q s , that a peak in the conductance at zero bias can occur twice for the two-band case, in contrast with the one-band case where it could occur only once. Indeed, we will discuss this unusual feature further in Figs. 6 and 7.
The difference in conductance of MgB 2 and the HDB case is caused by the different functional dependence of ⌬ i ͑q s ͒ in the two cases. To be specific, let us consider the positions of various peaks in Fig. 5 . For a given incident angle, the two peaks at E = 0 occur as a result of overlap between the two inner peaks of the ⌬ 2 band when the condensate momentum is given by 2 = ⌬ 2 ͑q s ͒, and similarly for ⌬ 1 band when 1 = ⌬ 1 ͑q s ͒. Additional structure occurs with the overlap of the inner peak of the ⌬ 1 band and the outer peak of ⌬ 2 band, at energy E = ͓⌬ 1 ͑q s ͒ + ⌬ 2 ͑q s ͒ + 2 − 1 ͔ / 2, when the momentum is determined by 1 + 2 = ⌬ 1 ͑q s ͒ − ⌬ 2 ͑q s ͒. Finally, there is an overlap between the inner peak of the ⌬ 1 band and the inner peak of ⌬ 2 band originating from a branch with the opposite sign of energy. This occurs at E = ͓⌬ 1 ͑q s ͒ − ⌬ 2 ͑q s ͒ + 2 − 1 ͔ / 2, where the momentum is given by 1 
In Fig. 6 , we follow the zero bias conductance ͑ZBC͒ as a function of q s . In the upper frame, we show the result for the one-band s-wave case for four different Z: 0, 0.25, 0.5, and 2.0. For the Andreev limit of Z = 0, the black solid curve remains at the BTK value of 2 until the value of q s , where the ⌬͑q s ͒ begins to deviate from 1 and then the ZBC, drops monotonically. For finite Z, the ZBC increases with increasing q s as the Doppler-shifted peaks from E = ⌬ move inward and eventually overlap, producing a peak in the conductance at q s = ⌬ or beyond, although for higher Z values with ZBC below the normal state value, the increase may never show a peak before the order parameter goes to zero at the critical q c . Another way to understand these peaks is that they are due to the opening of new conductance channels between the upper and lower branches of the superconducting spectrum. 44 In the lower frame of Fig. 6 , we see the case for MgB 2 . In the two-band case, there are two sets of Doppler-shifted peaks, and these peaks will overlap twice at zero energy giving rise to two possible maxima in the ZBC. As in the case of one band, a Z near but not exactly in the Andreev limit is favorable for bringing out these signature structures. Also, note that even for Z = 0, the ZBC is never 2 as discussed before. While it is clear that in the case of one-band superconductors that one must go near the value of the critical current to see this ZBC maximum, in the two-band case, the first peak can be seen at relatively low q s relative to the critical value, making it much more likely as a probe of the lower small gap energy scale ͑where it occurs͒ and allowing for a measure of interband coupling.
Indeed, in Fig. 7 , we show the ZBC for different values of interband coupling indicated in the figure caption using the parameters. 11 = 1.0, 22 = 0.5, ij * =0, v F2 / v F1 =1, Z = 0.25, and ␣ = 0.25. These curves illustrate that with increased interband coupling, not only do the two peaks move closer together due to the gaps moving closer together in energy, but that there is not nearly as dramatic a drop after the first peak, if the coupling is large. Hence, a signature of the interband coupling would be to look at the ZBC in a PCJ, with a contact in the near Andreev limit, and apply a current and vary it to look for the observation of a peak. A study of the position and nature of the peak should provide insight into the magnitude of the interband coupling.
IV. CONCLUSIONS
In summary, we have provided predictions for the conductance of two-band superconductor MgB 2 PCJs in the presence of a supercurrent applied parallel to the interface. Significant differences are seen in the conductance curves relative to the case for one-band superconductors, beyond solely the identification of two energy scales associated with the two energy gaps. Indeed, a study of both MgB 2 and a case of highly decoupled bands, in comparison with the oneband case, reveals peaks in the zero bias conductance at low q s and unusual structure in G S ͑E͒ versus E, which can be taken as both signatures of two-band superconductivity and provide possible indication of interband coupling. As MgB 2 is well studied and the parameters have been well established, there is expectation that these experiments could be undertaken in that case. Indeed, it may be possible that some variation in the interband coupling has been seen, with a report of weak interband coupling via specific heat in Mg 10 B 2 , 45 which could be further elucidated through study of PCJ conductance.
